We prove the local smoothing effect of the 2D critical and supercritical dissipative quasi-geostrophic equations in critical Besov spaces. As an application, a global well-posedness result is established by adapting a method in Kiselev, Nazarov, and Volberg (2007) [16] and an idea in Dong and Du (2008) [15] with suitable modifications. Moreover, we show that the unique solution obtained in Chen, Miao, and Zhang (2007) [11] is a classical solution. These generalize some previous results in Dong (2010) [13], Dong and Du (2008) [15] . The main ingredients of the proofs are two commutator estimates and the preservation of suitable modulus of continuity of the solutions.
Introduction
The 2D quasi-geostrophic equation is an important model in geophysical fluid dynamics. It is derived from general quasi-geostrophic equations in the special case of constant potential vorticist and buoyancy frequency. In this paper, we consider the initial value problem of 2D dissipative quasigeostrophic equations θ t + u · ∇θ + (− ) γ /2 θ = 0 on R 2 × (0, ∞),
where γ ∈ (0, 2] is a fixed parameter and the velocity u = (u 1 , u 2 ) is divergence free and determined by the Riesz transforms of the potential temperature θ :
Here the fractional Laplacian (− ) α for any α ∈ R is defined by the Fourier transform:
(− ) α f (ξ ) = |ξ | 2αf (ξ ).
The cases γ > 1, γ = 1 and γ < 1 are called sub-critical, critical and super-critical, respectively. Here we shall focus on the critical and super-critical cases and assume θ 0 to be in the critical Besov space initial data. The global and local well-posedness of (1) in the critical and supercritical case has been investigated intensively in the last few years. In [7] Constantin, Córdoba and Wu proved the existence and uniqueness of global regular solutions for γ = 1 and the initial data in H 1 with sufficiently small L ∞ norm. Moreover, they showed that the solutions are spatial analytic for t sufficiently large. Chae and Lee [5] obtained the global existence and uniqueness of solutions for data in the Besov space B were established in Chen, Miao and Zhang [11] (see also Wu [21] for a small data result and a uniqueness result). For other results about the critical and super-critical cases, we refer the readers to [6, 10, 17, 21] and references therein.
We also mention that the sub-critical case is well understood and the global well-posedness result is well known. We refer the readers to Constantin and Wu [9] , Carrillo and Ferreira [4] , Dong and Li [14] and references therein.
One of the main challenging problems of the critical and supercritical dissipative quasi-geostrophic equation is the global regularity or finite-time blowup for large initial data. Breakthrough only happened recently. The global well-posedness for the critical quasi-geostrophic equations with periodic C ∞ data was proved by Kiselev, Nazarov and Volberg in an elegant paper [16] . Caffarelli and Vasseur [3] recently constructed a global regular weak solution for the critical quasi-geostrophic equations with L 2 initial data. The global well-posedness of (1) for large periodic or non-periodic H 1 initial data has been recently proved by the first author and Du in [13] and [15] by adapting the method of [16] with suitable modifications; see also [1] for a similar result in the Besov spaceḂ 0 ∞,1 .
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In this article, we exploit the ideas in [13, 15, 16] to deal with the equation in the more general
. Roughly speaking, the purpose of this article is two-folded. First, we establish the smoothing effect of (1) in the Besov space and show that the unique solution obtained in [11] is in higher order Besov spaces and thus is a classical solution (Theorems 4 and 6). The proof is based on a proper arrangement of the nonlinear term and two commutator estimates. We remark that there are some added difficulties in proving the smoothing effect in Besov spaces. In [13] the fact that H α is a Hilbert space is heavily used. We don't have this property for Besov spaces. The second part is devoted to the global well-posedness of the critical dissipative quasi-geostrophic equation with arbitrary B 2/p p,q initial data (Theorem 8). After verifying certain spatial decay of the solution, the 1 We note that definition of the Besov spaceḂ 0 ∞,1 in [1] is different from the usual definition, which is used in the current paper. ThereḂ global existence is proved by constructing suitable modulus of continuity and using a Beale-KatoMajda type blow-up criterion in Besov spaces. Since B 2/p+1−γ p,q = H 2−γ when p = q = 2, the results mentioned above generalize some previous results in [13] and [15] . The remaining part of the article is organized as follows: we explain the notations and give some preliminary estimates in the next section. All the main results are stated in Section 3. The local smoothing effect (Theorems 4 and 6) is proved in Sections 4 and 5. Section 6 is devoted to the proof of the global well-posedness result (Theorem 8). In Appendices A and B, we provide a few auxiliary results used in the proofs of the main theorems.
Notation and preliminaries
We recall the Littlewood-Paley decomposition. For any integer j, define j to be the Littlewood-
Paley projection operator with
Formally, we have the Littlewood-Paley decomposition
t).
Also denote 
For product estimates, we will need the paraproduct formula by J.-M. Bony:
The following Bernstein's inequality is well known.
Lemma 1.
(
with some constants λ and λ depending only on p and s. (ii) Moreover, for 1 p q ∞, there exists a positive constant C depending only on p and q such that
The generalized Bernstein's inequality and the lower bound below can be found in [20, 17, 11] .
Lemma 2.
(i) Let p ∈ [2, ∞) and γ ∈ [0, 2]. Then for any j ∈ Z, we have
with some positive constants λ and λ depending only on p and γ .
(ii) Moreover, we have
and
with some positive constant c depending only on p and γ . 
These spaces were previously introduced by J.-Y. Chemin.
Main results
First we summarize the local well-posedness result of (1) established in [11] as the following proposition (see also [21] ).
. Then there exists T > 0 such that the initial value problem for (1) has a unique solution
Moreover, it holds that for any r
with a positive constant C independent of r.
The following two theorems tell us that the solution in Proposition 3 has higher regularities.
Theorem 4. Assume θ is the solution in Proposition 3. Then there exists a finite T
for some positive constant C independent of r and β. 
By the Sobolev imbedding theorem, the previous proposition implies that the solution in Proposition 3 is infinitely differentiable in x with bounded derivatives for any t ∈ (0, T ). Then because of the first equation in (1), it is infinitely differentiable in both x and t with bounded derivatives for any t ∈ (0, T ). Therefore, θ is actually a classical solution of (1).
Remark 7.
In a recent preprint, Constantin and Wu proved the following result: If a Leray-Hopf weak solution θ of (1) is known to be in the subcritical path space
Note that this and our results are completely disjoint. It would be interesting to see if the smoothing effect still holds when δ 1 = 1 − γ , i.e. the critical power.
The last theorem of this paper is about the global well-posedness of the critical quasi-geostrophic equation in the critical Besov space.
The global well-posedness of the critical quasi-geostrophic equation with large initial data was a long standing open problem. It is resolved in [16] for smooth periodic data, and [13] and [15] for periodic or non-periodic H 1 data. Here we extend this result to more general Besov spaces.
Remark 9.
Because of the imbedding theorem for Besov spaces:
Theorem 8 also implies the global well-posedness with initial data in B
Low regularity: proof of Theorem 4
Due to the local well-posedness result (Proposition 3), to prove Theorem 4 it suffices to establish an a priori estimate. After that, it is routine to obtain (8) with the aid of successive approximations. Our main tool in the section is Lemma 15.
Denote θ j = j θ . For each j ∈ Z, we apply the operator j to the both sides of the first equation in (1) and get
We multiply both sides of (11) by |θ j | p−2 θ j and take integration in x. After integrating by parts, we
Here we use the fact that u is divergence free. Now we use Lemma 2 to estimate the second term on the left-hand side of (12) and Hölder's inequality to estimate the right-hand side of (12) , and deduce that
Gronwall's inequality together with (13) yields
We take β = 1/3 and multiply both sides of (14) by t β . Using the idea in [13] , we write
where
By doing this, the smoothing effect of the linear operator is taken into account. We shall estimate
where C > 0 is a constant which can be chosen independent of j and r. To estimate the contribution of I 2 , note that
Thus, by using Young's inequality we get
Again, in the estimate above we can choose C to be independent of j and r. To estimate the contribution of I 3 , note that
Thus, by using Young's inequality again we get
where C > 0 is a constant independent of j and r. Combining (15)- (18) together yields
We multiply both sides of (19) 
To estimate I 4 , we apply Lemma 15 with
where in the second inequality we used the boundedness of the Riesz transforms. To estimate I 5 , similarly we apply Lemma 15 with
We are able to use Lemma 15 because
Thus,
where in the second inequality we used the boundedness of the Riesz transforms. Combining (20)-(24) together yields
where C > 0 is a constant independent of r. From the proof of Theorem 1.2 of [11] , it is known that we can choose T 1 sufficiently small such that
Setting r = 2 in the (25) and using (26), we get for some constant
This together with (25) yields for some constant C 2 > 0 independent of r,
By using the L p maximum principle for (1) (see, e.g. [6] ), we then obtain the a priori estimate for (8) .
Finally a standard argument of successive approximations gives (8) when β = 1/3. To get (8) for any β ∈ (0, 1/3], we only have to interpolate this with (7). The theorem is proved. 2
High regularity: proof of Theorem 6
As in Section 4, to prove Theorem 6 it suffices to establish an a priori estimate for (9) . After that, it is routine to obtain (9) with the aid of successive approximations. Fix a δ ∈ (0, T 1 ) and let 
for some positive constant C depending on r and β. Due to the uniqueness of the solution,θ is a solution to (1) with initial dataθ 0 (·) = θ(δ/2, ·). Our main tools in this section are Lemma 16 and the following estimate for ∇θ and ∇ū. 
for some constant C 0 > 0 depending on δ.
Proof. This follows from (29), the boundedness of Riesz transforms in L p , and the chain of imbed-
We are now ready to prove Theorem 6. Fix a β 0. Setting r = ∞ in (20), we get
where I 4 and I 5 are defined as in (21) and (22) 
Next we estimate I 5 . Applying Lemma 16 with
In the last inequality, we used the boundedness of Riesz transforms in L p . Thus
Combining (31), (32) and (34) together yields
Using Gronwall's inequality, (30) and (35), we infer
This together with the L p maximum principle gives the following a priori estimate
Sinceθ(t, ·) = θ(t − δ/2, ·), (36) together with a standard argument of successive approximation implies for arbitrary β,
To complete the proof of (9), it suffices to utilize the imbedding
for any q 1 ∈ [1, ∞] and > 0. Theorem 6 is proved. 2
Global well-posedness: proof of Theorem 8
This section is devoted to the global well-posedness of (1) when γ = 1 and the initial data is in the critical Besov space B 2/p p,q . We shall use the idea of the non-local maximum principle for a suitable chosen modulus of continuity. This method was first used by Kiselev, Nazarov and Volberg in [16] , where they proved the global regularity for the 2D critical dissipative quasi-geostrophic equations with periodic C ∞ data. With suitable modifications, this idea was later adapted by the author and D. Du in [13, 15] to establish the global regularity for the same equation with either periodic or nonperiodic H 1 data.
By virtue of Theorem 6, after a shift of the time we may assume without loss of generality that for any β 0,
Due to the imbedding,
it is easily seen from the Sobolev imbedding theorem that θ 0 ∈ C ∞ and θ is smooth in x with bounded derivative for any t ∈ [0, T 1 ). Then due to the first equation of (1), we infer that θ is also smooth in t.
Thus it is a classical solution to (1). Next we claim that In what follows, we will choose ω satisfying
Due to the scaling property of (1) 
is also a solution of (1) We shall show that for a suitably chosen ω, the modulus of continuity is preserved for all time.
This together with Lemma 12 and the blow-up criterion (B.1) implies Theorem 8. The next lemma is in the same spirit as Lemma 3.3 in [15] , which says that the strict modulus of continuity is preserved at least for a short time.
Lemma 13. Under the assumptions above, assume θ(t, ·) has strict modulus of continuity ω for all t ∈ [0, T 2 ].
Then there exists δ > 0 such that θ(t, ·) has strict modulus of continuity ω for all t ∈ [0, T 2 + δ). 
with bounded derivatives up to order two. Since ω is unbounded and by Lemma 12, there exists δ 2 ∈ (0, δ 1 )
. In what follows we always assume |x − y| ∈ (δ 2 , δ
. Thus, it goes to zero as |x| → ∞ uniformly in t, and we can find a constant N > 0 such that
and any x satisfying |x| N. Now by the concavity of ω, it is easily seen that (41) holds for any x, y satisfying |x| N, |y| N. Finally, if either |x| < N or |y| < N, we must have (x, y) ∈ Ω, where
Because of this and since θ ∈ (T 1 , ·) has strict modulus of continuity ω and θ is a C 2 function, there
Clearly, if θ(t, ·) has strict modulus of continuity ω for all t ∈ [0, T 2 ), then θ is smooth up to T 2 and θ(T 2 , ·) has modulus of continuity ω by continuity. Therefore, to show that the modulus of continuity is preserved for all time, it suffices to rule out the case that
Recall the following lemma (see [15] ), which is implied by the proof of Lemma 13.
Lemma 14. Under the conditions above, there exist two different points x, y
This possibility can be eventually ruled out if we are able to choose suitable ω such that under the conditions above we have
The specific ω which we choose is defined by
for any r > 0. Then following the argument in [16] , for a sufficiently small δ 3 , we get the contradiction (43). Instead of rewriting the proof, we refer the reader to [16] , where a slightly different modulus of continuity is constructed. Now it follows from the obvious embedding B 
Then for any j ∈ Z we have
where C is a positive constant independent of j and {c j } ∈ l q satisfying c j l q 1. Here
Proof. See [11] and [12] . 
holds as long as the right-hand side is finite, where C is a positive constant independent of j and {c j } ∈ l q satisfying c j l q 1.
(ii) For j −1, a similar estimate
holds as long as the right-hand side is finite.
Proof. (i) By Bony's paraproduct formula, we have
We estimate these five terms separately.
Estimate of I 1 : By the mean value theorem,
Now use Minkowski inequality and Bernstein inequality we get
where we define c j = 2
. It is easy to see that c j l q is bounded by some constant depending only on r. Note that in the estimate of I 1 , we can allow r to be any real number. Estimate of I 2 : By frequency localization
This gives us
. Now observe the following inequality which holds for any r > 0, and a k 0, q 1:
This inequality can be easily proven by interpolating between q = 1 and q = ∞. To show c j l q is bounded, it suffices to apply the above inequality with
. Obviously c j l q is bounded by some constant depending only on r.
Estimate of I
where c j is the same as in the estimate of I 3 .
Estimate of I 5 : Observe that
Now repeat the argument in the estimate of I 2 .
(ii) By (i), it suffices for us to prove the case j = −1.
By the same method as in the estimate of I 1 , it is not difficult to see that
On the other hand,
where the last inequality follows by repeating the same argument as in the estimate of I 2 . The lemma is proved. 2 Remark 17. In the second part of the above lemma, we actually proved that for j −1, 
We omit the proof of the claim since it follows the proof of (15) in [2] almost word by word (see also [8] The inequality above together with (B.4) and Gronwall's inequality completes the proof of the proposition. 2
